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Abstract
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Introduction

In most developed countries, Social Security pension entitlements represent one of
the largest assets owned by households. In 2018, the US Social Security Administration (SSA) estimates that, net of expected contributions, the present value of
accrued benefits to current workers and retirees was $35.5 trillion.1 By comparison, households’ owner equity in real estate was $15.5 trillion.2 Unlike real estate,
Social Security claims are not traded and their valuation depends on modeling assumptions and, in particular, the choice of an appropriate discount rate.
Understanding households’ valuation of Social Security and its risk profile are
important for several reasons. First, the sum of private valuations constitutes an
upper bound on the cost of transition to a funded system. The size of this cost is
essential to determine, for example, whether a privatized system could offer higher
rate returns (Geanakoplos et al. (2000)). Second, rising wealth inequalities have
become a subject of public concern. Yet, despite its considerable size and redistributive nature, Social Security has generally been left aside in studies of the
wealth distribution (e.g. Saez and Zucman (2016)). Finally, in view of its size, Social Security risk is important to understand households’ portfolio and consumption
choices.
In this paper, I calibrate a life-cycle model to study how labor market risk affects
the way households’ should value Social Security and how their valuation should
evolve over the life-cycle, in response to stock market fluctuations and after labor
income shocks. While the SSA assumes that Social Security cash flows should be
discounted at the risk-free rate, workers worried by labor market risk may want to
1

This includes $32.4 trillion of unfunded obligations for past and current participants reported
in the SSA’s Actuarial Note Number 2019.1 and $2.9 trillion in the Social Security Trust Fund.
2
According to the Federal Reserve of Saint Louis, for Q42018 (https://fred.stlouisfed.org/graph/
?g=nTQ5)
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use a different discount rate for two reasons. First, the value of Social Security benefits is indexed to the nationwide evolution of earnings, which is an implicit feature
of all pay-as-you-go systems (Samuelson (1958)). In a world where the labor share
is relatively stable over long periods, wage-indexation also exposes Social Security
participants to the long-run growth rate of corporate profits. In that case, workers
can hedge against wage-indexation by short-selling the stock market. The cost of
doing so, the equity premium, should therefore be reflected in the discount rate of
Social Security. Second, workers with lower than average earnings receive a higher
rate of return on their Social Security contributions, which means that negative idiosyncratic income shocks increase the value of past contributions. This feature of
Social Security increases its value when idiosyncratic income risk is uninsurable
(Merton (1983)). Overall, these relationships between Social Security and income
risk suggest that workers should not discount Social Security cash flows at the riskfree rate, even if we ignore political risk. Moreover, the effect of income risk on
their valuation of Social Security is ambiguous.
To study workers’ private valuation of Social Security, I set up a continuous
time life-cycle model in which individuals contribute to a pay-as-you-go system
similar to the United States Social Security and compute the certainty equivalent of
expected benefits net of future contributions. In the model, an agent with constant
relative risk aversion (CRRA) receives a stochastic labor income until retirement
and chooses how much to consume or save. Savings can be invested in a risk-free
asset or in the stock market portfolio. This model captures important features of US
Social Security. First, workers pay a 10.4% payroll tax to current retirees. Second,
benefits are computed on the basis of their historical earnings, and low earners enjoy relatively higher rates of return on their contributions than high earners. Third,
the value of past contributions is indexed to the nationwide evolution of labor earnings. Finally, as in Benzoni et al. (2007), aggregate dividends and earnings are
3

cointegrated and households can therefore offset their exposure to the evolution of
aggregate earnings by investing less in stocks.
My main results are as follows. First, for current workers, the certainty equivalent of Social Security represents only half the sum of future cash flows discounted
at the risk-free rate. Second, unlike the risk-free rate valuation, the certainty equivalent is negative for new workers currently entering the labor market and remains
negative until around age 35. In the model, new workers would be willing to pay
more than a year of earnings to opt out of Social Security. Third, on the national
scale, and including retirees, the sum of certainty equivalents is 37% below the riskfree rate valuation. The cost of transition to a funded system with the consent of
current participants is therefore significantly lower than implied by SSA estimates.
The model suggests that the sum of certainty equivalents was $19.6 trillion as of
2013, whereas the risk-free valuation was $31 trillion. Finally, the model implies
that workers in the middle of their careers apply a discount rate of 4.5%, which
includes a 2.5% premium relative to the risk-free rate. Importantly, all these results
assume away political risk.
To calibrate risk aversion and validate the model, I match the evolution of the
average equity share over the life-cycle in the Survey of Consumer Finances (SCF).
I find that for a relative risk aversion of γ = 5, the model tracks the life-cycle
pattern of the share of financial wealth invested in equity relatively well.
The discount rate used by households to value Social Security depends on their
age, and is the highest around 40 years old. As they get closer to retirement, the
risk-adjusted discount rate converges to the risk-free rate, because the long run correlation between stock market returns and the growth of the wage index becomes
less of a concern. For workers who just entered the labor market, cointegration
does not greatly affect the value of Social Security either. From their point of view,
positive news regarding the growth rate of wages means higher pensions but also
4

higher payroll taxes. Nonetheless, young households value Social Security negatively because, for the next few decades, it will force them to invest in an asset with
low returns given its market beta. After about age 40, households have already contributed for roughly 20 years and are still young enough for the final value of their
past contributions to be exposed to cointegration between the labor and the stock
markets. Exposure to aggregate risk through Social Security therefore peaks late in
the life-cycle, around 10 years before retirement.
Related literature

My paper builds on several different literatures on Social Se-

curity risk. A first strand of literature on Social Security risk focuses on policy
uncertainty. Shoven and Slavov (2006) show that Social Security expected internal rates of return vary significantly across cohorts and over the life-cycle, as a
consequence of policy adjustments. More recently, Luttmer and Samwick (2018)
infer from survey data that households would be willing to forgo 6 percent of their
expected benefits to eliminate policy uncertainty.
Other survey studies have reported substantial uncertainty regarding future benefits. For example, Dominitz and Manski (2006) finds that, from the point of view
of the median 40 year old worker, the subjective distribution of yearly benefits has
an interquartile range of $10,000. Furthermore, Delavande and Rohwedder (2011)
document that US households reporting higher levels of uncertainty have lower equity share, which is consistent with Social Security having a positive market beta.
Relative to this literature, the main contribution of my study is to use a dynamic model to value Social Security and my focus on labor market risk. Despite
the ubiquitous use of dynamic programming to price securities, previous papers
have mostly used life-cycle models to study retirement choices (e.g. Bodie et al.
(1992)) but, to the best of my knowledge, not to compute the value of Social Security. Geanakoplos and Zeldes (2010) and Blocker et al. (2018) use risk-neutral
5

pricing techniques to compute the market value of accrued benefits. In particular,
Geanakoplos and Zeldes (2010) estimate that cointegration between the labor and
stock markets reduces the market value of Social Security accrued benefits by 19%.
Beside the methodology, there are two other important differences between my paper and Geanakoplos and Zeldes (2010) or Blocker et al. (2018). First, these papers
provide market values for fully diversified investors, which is not the case of typical
Social Security participants who bear a lot of labor market risk. Second, these papers compute the value of accrued benefits, that is the value of future claims based
on past contributions. This value is always positive. By contrast, I compute the
value of all future benefits, net of future contributions. This turns out to be negative
for young workers.
My paper is also related to Benzoni et al. (2007)’s study on portfolio choices.
Though they ignore Social Security, these authors document that the labor and stock
market are cointegrated and argue that cointegration increases the market beta of
human capital and can explain why young workers do not invest in stocks. Huggett
and Kaplan (2016) use a life-cycle model to show that cointegration reduces the
present value of human capital.
Finally, Geanakoplos et al. (2000) argue that the value of accrued benefits to current Social Security participants affects the comparison of rates of returns between
pension systems. For example, if Social Security were privatized, the government
would have to issue bonds to honor its past promises. The cost to future taxpayers
must be deducted from the gains of moving to a private system. Arguably, the sum
of private valuations is a better (and lower) measure of what would need to be paid
to current generations than the value of accrued benefits.
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Social Security and Labor Income Risk

In this section, I present key aspects of the United States Old-Age program and discuss three elements of its risk-profile that are of particular importance to understand
households’ private valuation: the progressivity of benefits, their indexation to the
wage index, and the cointegration between the labor and stock markets.

2.1

Computation of benefits

The Social Security system is a mostly unfunded program in which workers’ contributions are directly distributed as pension benefits to current retirees.3 Since
Samuelson (1958), economists know that the performance of an unfunded pension
system depends on the nationwide evolution of earnings. In a simple OLG model,
the return obtained by one generation is defined as the percentage difference between the payroll taxes it receives from its children and the taxes it pays for its own
parents. Holding tax rates constant, this difference is the sum of the population and
earnings growth rates. In the US, wage indexation is explicit in the computation of
benefits, which is essentially done in two steps.
In the first step, the SSA computes the retiree’s average indexed yearly earning
(AIYE). This refers to the individual’s salary history adjusted for growth in the
nominal wage index: hence the series is indexed both for inflation and for growth
in real wages. Yearly earnings are capped by an upper limit that has been more than
twice the average labor earnings since 1980. The AIYE is then defined as the mean
of the best 35 years.
In a second step, the SSA computes the percentage of the AIYE that the agent is
eligible for. This percentage is determined by a bend point formula through which
3

In 2013, the Old-Age and Survivor Insurance (OASI) program paid $ 672 bn in benefits while
its total reserves were 2,674 bn, representing only four years of expenditures.
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retirees with higher earnings records get a lower share of their AIYE in benefits.
Bend points are limits above which retirees get a smaller percentage of their AIYE
and which are themselves wage-indexed. If the agent retires at the full retirement
age, the first year benefits are the sum of:
1. 90% of the share of the AIYE below the first bend point;
2. 32% of the share of the AIYE between the first and second bend points;
3. and 15% of the share of the AIYE above the second bend point.
The two bend points being respectively close to 20% and 100% of the wage index,
the first year pension benefits B are:



0.9 × AIY E
if AIY E/L1 (T ) < 0.2


B=
0.116 × L1 (T ) + 0.32 × AIY E if 0.2 ≤ AIY E/L1 (T ) < 1



 0.286 × L (T ) + 0.15 × AIY E if 1 ≤ AIY E/L (T ),
1
1

(1)

where L1 is the nationwide average labor earnings, and T the agent retirement year.
After retirement, benefits are only adjusted for inflation.

2.2

Cointegration between the stock and labor markets

Because of wage indexation, any statistical relationship that ties the labor and stock
markets should tie the discount rate of Social Security to the equity premium. While
immediate correlation between labor earnings growth rates and stock market returns
is low (Cocco et al. (2005)), Benzoni et al. (2007) find that over the long term,
wages and dividends are cointegrated. Adding more recent data, I replicate their
analysis and extend it by considering stock market gains instead of dividends. The
goal of this analysis is to confirm the possibility of hedging against long-run Social
Security risk by short-selling the stock market portfolio.
8

In economic terms, the cointegration implies that the ratio of wages to dividends
tends to revert to an historical mean. I denote ld the historical mean of the log
difference between the real wage-index (l1 ) and the log of S&P500 real dividends
ˆ
(d(t)),
and define y as:
ˆ − ld
y(t) ≡ l1 (t) − d(t)

(2)

The variable y(t) measures whether the wage-to-dividend ratio is above or below
its historical mean. If this ratio is indeed mean-reverting, then the dynamics of y(t)
should be of the form:
∆y(t) = −κy(t − 1) + (t)

(3)

where κ is the speed of mean-reversion and (t) an error term. Benzoni et al. (2007)
test this model on the 1929-2004 period and find values of κ ranging between 0.046
and 0.264 depending on the specification of the model and the time period.
In the present paper, I compute the average wage as total wages divided by total
employees using data from the NIPA tables for the 1929-2011 period.4 Using stock
market data for the S&P500 compiled by Robert Shiller,5 I run augmented DickeyFuller tests on the 1929-2011 period and report the findings in Table 1 (models 1
to 6). Overall, I find values of κ that are consistent with BCG’s previous results.
In model (2), I allow for a time trend but find it to be insignificant. Models (3) to
(6) allow for autocorrelation or errors until the last lag is found insignificant. I find
the Dickey-Fuller p-value to be below 10% in all models, except the one with the
statistically insignificant time trend.

4

These data can be retrieved from Emmanuel Saez’ website: http://eml.berkeley.edu/~saez/
TabFig2012prel.xls - Table B1.
5
Data available on Robert Shiller’s website: http://www.econ.yale.edu/~shiller/data/ie_data.xls
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Stock Gains

For models (1) to (6), the left hand variable is the variation in the log-difference (y) between S&P500 dividends and the average labor earnings. Model (2)
tests the existence of a time trend, and models (3) to (6) allow for autocorrelated errors. For models (7) and (8), the left hand variable is the change in the logdifference between cumulated S&P500 stock returns and the average wage (ys ). Both models assume a time trend. Model (8) tests the existence of autocorrelated
errors. ∗∗∗ ,∗∗ ,∗ indicates p-values below 1%, 5% and 10%. The p-values of κ̂ are from the Dickey-Fuller distributions and are reported in the lower part of the table.

∆y(t) = −κy(t − 1) + bt t +

Note: I estimate different empirical versions of equation (3) on the 1929-2011 period of the form:

Table 1: Cointegration between the stock and labor markets

As the main concern of investors are returns rather than dividends, I also test
the cointegration of stock and labor markets using stock market gains instead of
dividends. To measure stock market gains, I build a series representing the market
value of the portfolio of an agent reinvesting dividends in the S&P500 since 1929:


P (t) − P (t − 1) + D(t)
S(t + 1) = 1 +
× S(t),
P (t)

(4)

with S(1929) = 100. Then, I define yS similarly to y, using the log of S instead of
the log of dividends:

ys (t) ≡ l1 (t) − s(t).

(5)

If the price-to-dividend ratio P/D is stationary, then ys should be trend stationary, its trend reflecting the difference between expected stock returns and the growth
rate of the wage index. Models (7) and (8) test this hypothesis. In model (7), I allow
for a time trend but no autocorrelation and find a speed of mean-reversion of 0.20
and a p-value of 6.7%. Allowing for a lag term increases the p-value to more than
20%, but the autocorrelation term added in model (8) is not statistically significant.
Overall, Table 1 supports the assumption that workers can hedge against the
long-run growth rate of earnings by short-selling the stock market portfolio.

3

Model

In the model, an agent receives a stochastic flow of labor earnings until retirement.
He also chooses how much to consume and how much to invest in the stock market portfolio. His future labor earnings are subject to permanent idiosyncratic and
aggregate shocks.Bad news regarding long run macroeconomic growth affects the
stock market immediately because prices reflect all available information. On the
11

other hand, bad news can affect the labor market much later.

3.1
3.1.1

Stock and labor markets
Financial market

The agent can invest in the stock market portfolio or in risk-free asset with interest
rate r. The dividend process D(t) of the risky asset is modeled as a geometric
Brownian motion:
dD
= gD dt + σdz3 ,
D

(6)

where gD is the expected growth rate of dividends.
For the moment, I assume a time-invariant discount factor. Thus the stock price
is proportional to the dividend level and follows the same Brownian motion. The
stock return process includes capital gains and dividends and also follows a geometric Brownian motion:
dS
dP + Ddt
=
= µdt + σdz3 ,
S
P

(7)

where µ is the stock market expected return. In this section, for simplicity, the
volatility of stock returns and dividends are the same. I relax this assumption by
allowing time-varying discount rates and predictability in returns in section 6.2.
3.1.2

National average wage

To capture the cointegration between stock and labor markets, I use the statevariable y defined in equation (2). Its dynamic is:

dy(t) = −κy(t)dt + v1 dz1 (t) − v3 dz3 (t),
12

(8)

where v1 represents the standard error of permanent shocks on the average wage
and v3 controls the contemporaneous correlation between stock returns and wages:
σ = v3 implying no correlation. By combining (6), (2), and (8) we get the following
dynamics for the wage index:

dL1
=
L1



σ 2 v12 (σ − v3 )2
−κy(t) + gD −
+
+
dt + v1 dz1 (t) + (σ − v3 ) dz3 (t).
2
2
2
(9)

The state variable y indicates whether the labor income process is delayed relative to dividends. As such, it determines the expected growth rate of the wage index.
A negative shock on dividends increases y and implies a lower expected growth rate
of the wage index. This consequently affects the value of human capital and pension entitlements. The parameter v3 controls the correlation between stock returns
and the wage index, with v3 = σ implying no correlation.

3.2
3.2.1

Agent
Labor income

The Social Security wealth of a given individual is affected differently by the nationwide average wage and his own position on the wage scale. For this reason, I
decompose his wage as the product of two components: L1 is the average wage in
the economy and L2,i the agent’s wage relative to L1 . Hence his labor income is:
L(t) = L1 (t)L2 (t)

(10)

The idiosyncratic component of labor income follows an geometric Brownian mo-
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tion:
dL2
= α(t)dt + v2 dz2 (t),
L2

(11)

where α(t) captures the quadratic effect of experience on wages:

α(t) = α0 + α1 t.
3.2.2

(12)

Social Security Benefits

Introducing all the richness of the Social Security formula into a dynamic programming problem is difficult. Therefore, I simplify the problem by assuming that
benefits are computed on the basis of a complete career. Because full-career average earnings are lower than the mean of the 35 best years, I multiply the result by a
coefficient a chosen such that its expectation equals that of the best-35-years AIYE.
Therefore, my proxy for the AIYE is:
a
AIY E(T ) =
45

Z

T

T −45

L1 (T )
L1 (u)L2 (u)du,
L1 (u)

(13)

where L1 (u)L2 (u) was the agent’s wage at time u and L1 (T )/L1 (u) is the indexation coefficient. This equation assumes a career of 45 years. Within the integral,
the L1 (u) terms cancel each others such that the AIYE is the product of the average
wage at retirement date L1 (T ) and an historical average of L2,i . To keep track of
historical values of L2,i , I define a new state variable H as:
a
H(t) =
45

Z

t

L2 (u)du,

(14)

T −45

which has the following dynamic:
dH = a

L2 (t)
dt.
45

14

(15)

The yearly retirement benefit B depends on the final values of L1 and H:



0.9 × AIY E




 0.116 × L (T ) + 0.32 × AIY E
1
B=


0.286 × L1 (T ) + 0.15 × AIY E




 0.286 × L (T ) + 0.15 × 2.5 × L (T )
1
1

if AIY E/L1 (T ) < 0.2
if 0.2 ≤ AIY E/L1 (T ) < 1
if 1 ≤ AIY E/L1 (T ) ≤ 2.5
if AIY E/L1 (T ) > 2.5
(16)

where
AIY E = H(T ) × L1 (T )

(17)

and where an AIYE above 2.5 times the wage index does not provide any additional
benefits to reflect the fact that historical earnings are capped by the maximum earning threshold.
3.2.3

Objective function

The agent chooses his optimal consumption (C) and the share of his financial wealth
invested in the market portfolio (π). I explicitly model the working years, between
20 and 65 years old and assume that once retired, the agent face the simpler problem
described by Merton (1971): i.e. the agent is endowed with some financial wealth
and receives a safe stream of cash flows. Assuming a CRRA utility, his objective
function is:
Z
J(W (t), L1 (t), L2 (t), y(t), H(t), t) ≡ max Et
[C,π]

T

1−γ
−ψu (C(u))

e
t

1−γ


du + J(T ) ,
(18)

where J(T ) is his expected utility on the day of his retirement, γ his coefficient of
relative risk aversion, and ψ his preference for the present.
Importantly, we assume a deterministic time of death T + R, where R is the
number of retirement years. Stochastic mortality would increase the private value of
15

Social Security because it provides insurance against longevity risk. A deterministic
time of death is therefore important if we want to interpret the difference between
the certainty equivalent and the risk-free rate valuation as a consequence of labor
market risk. Moreover, if we include stochastic mortality, the private value of the
longevity insurance provided by Social Security is unlikely to be correct. First, this
insurance is only valuable in the absence of an efficient market for annuities, which
we do not want to model here. Second, standard life-cycle models with longevity
risk generate a high demand for annuity that is not observed in the data. In my
model, because there is no other source of risk in retirement and no desire to leave a
bequest, the agent would hold all his wealth in annuities if he could (Yaari (1965)).

3.3

Solution method

Optimal consumption, portfolio decisions, and utility levels are computed by solving the Hamilton-Jacobi-Bellman equation backward from the retirement date. This
section focuses on the terminal conditions of the problem, i.e. the agent’s behavior
after retirement, and the computation of the certainty equivalent of Social Security.
Further details on the numerical methodology are provided in Appendix A.
3.3.1

Retirement years

To solve the HJB equation backward, I assume that, once retired, the agent owns
financial wealth W and receives a safe stream of benefits from Social Security.
Thanks to Merton (1971), we know that the problem of the retired agent has an
analytical solution. Specifically, the optimal consumption and equity share are:
C ∗ (T ) = b(T )

16

−1
γ

W (T )

(19)

π ∗ (T ) =

µ − r W (T )
γσ 2 W (T )

(20)

where WT is total wealth at retirement, including the present value of Social Security and where:

γ
1 − e−v(R+T −t)
b(t) ≡
,
v


(µ−r)2
ϕ − (1 − γ) 2γσ2 + r
,
v(t) ≡
γ


(21)

(22)

and R is the number of retirement years. After retirement, benefits are safe and can
be discounted at the risk-free rate. Hence, total wealth at retirement is:
Z
W (T ) = W (T ) +

R

e−ru Bdu.

(23)

0

3.3.2

Certainty equivalents

Before retirement, total wealth (W ) is the sum of three components: financial
wealth (W ) and the certainty equivalents of human capital (HC) and Social Security (SS):
W = W + HC + SS

(24)

Total wealth can be computed as the financial wealth that would make the agent
indifferent to a drop of L1 to zero, a scenario in which he would have no more
human capital or Social Security wealth. Thus, W is solution to the equation:
J ss (W , 0, L2 , y, 0, t) = J ss (W, L1 , L2 , y, H, t),

(25)

where J ss and J ss denote the expected utility functions of the agent when Social
Security respectively exists and does not exist. Conveniently, the left-hand-side
of (25) does not depend on L2 , y, or H anymore and it has an analytical solution
17

provided by Merton (1969). Indeed, for a CRRA utility function, we know that:
J ss (W , 0, L2 , y, 0, t) =

e−ϕt
1−γ
b(t)W ,
1−γ

(26)

where b is defined by (22) and (21). By combining (25) and (26), we can compute
total wealth as:
1
 1−γ
(1 − γ)eϕt ss
W =
J (W, L1 , L2 , y, H, t)
.
b(t)



(27)

Similarly, the value of human capital can be defined as the total amount of cash
that a worker would need to make him indifferent to a drop of L1 to zero in a world
without Social Security. If Social Security did exist, then the agent would not pay
payroll taxes so that labor earnings would be higher. Thus, HC is solution to the
equation:


L1
J (W + HC, 0, L2 , y, t) = J
, L2 , y, t .
W,
1−τ
ss

ss

(28)

Following the same steps as for the computation of W , we get:
1
 1−γ

(1 − γ)eϕt ss
L1
HC =
J
, L2 , y, t
− W.
W,
b
1−τ



(29)

Finally, we can combine equations (24), (27), and (29) to compute the wealth
equivalent of Social Security.

4

Calibration

In this section, I detail the model’s baseline calibration, which is summarized in
Table 2.
18

4.1

Macroeconomy

Financial markets Historical estimates of the risk-free rate ranges from 0.64%
to 3.02%.6 In its valuation, the SSA assumes a relatively high risk-free rate at 2.9%.
I set r = 0.02 in the baseline calibration and also report results for r = 0.029 and
r = 0.01. The equity premium is µ − r = 0.06 and stock market volatility is
σ = 0.16.
Wage index In the model, gD determines both the expected real growth rate of
dividends and that of the average wage index. L1 grew by 1.1% per year between
1947 and 2011, whereas the growth rate of D has been 1.8%. The growth rate of
earnings being the most important parameter in the perspective of this paper, gD is
set at 1.2%. The key parameter of the model is κ, the speed of mean-reversion of y.
In Table 1, estimates of κ range from 0.16 to 0.23. Following Benzoni et al. (2007),
I make a conservative choice of κ = 0.15 in the baseline calibration. The standard
deviation of permanent shocks to the wage-index is v1 = 0.025 and the correlation
of these shocks with the stock market is assumed to be zero (v3 = σ).
Initial values

To capture the diversity of macroeconomic perspectives that an

agent may face when he enters the labor market, I initiate y = 0 at t = −1000
to generate random starting values at t = 0. I initialize L1 (0) at $40,000, the level
of the average wage around 1970 in 2013 dollars, and set W (0) = L1 .

6

Historical estimates reported by Mehra (2007) using different data sets include 0.64% (Ibbotson, 1926-2004), 1.31% (Mehra-Prescott, 1889-2005), 2.68% (Shiller, 1871-2005) and 3.02%
(Siegel, 1802-2004).
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Table 2: Baseline calibration
Financial markets
r

risk-free rate

0.02

gD

dividends growth rate

0.012

µ

expected stock returns

0.08

σ

stock market volatility

0.16

Labor income
v1

SD of permanent labor market shocks

0.025

v2

SD of permanent idiosyncratic shocks

0.15

v3

see text

κ

speed of mean-reversion of y

0.15

α0

quadratic effect of experience

-0.0024

σ

α1
a

0.0581
see equation (14)

1.14

Preferences
γ

relative risk aversion

ψ

discount rate

T

working years (from 20 to 65 years old)

45

R

retirement years

20

5
0.03

Initial conditions

4.2

L1 (0)

average wage index (in thousands)

L2 (0)

wage in percentage of L1

W (0)

wealth (in thousands)

y(0)

abnormal log-diff between L1 and D

40
0.60
50
see text

Agent

Labor income

α0 and α1 are calibrated as in BCG, producing a hump-shaped

life-cycle profile for L2 . I set L2 (0) = 0.6, such that, given α0 and α1 , L2 averages
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1 over the life-cycle. The agent faces relatively high permanent income shocks
(v2 = 0.15 as in BCG).
Preferences Estimates of the psychological discount rate generally lie between
3% and 4%. I set ϕ = 0.03. There is little consensus on the degree of relative
risk aversion. Mehra and Prescott argue that reasonable values of γ lie between 1
and 10. Following several recent papers in the portfolio choice literature (Gomes
and Michaelides (2005), Benzoni et al. (2007), Chai et al. (2011), Lynch and Tan
(2011)), I choose γ = 5 in the baseline scenario because this value allows the model
to match the life-cycle profile of the equity share.
Retirement Another important parameter is the number of retirement years. Lifeexpectancy at age 65 in the United-States is currently estimated between 19 and 20.
I thus set R = 20.
Financial constraints I assume that the agent cannot short-sell the stock market
portfolio nor can he invest borrowed money in equity. Hence 0 ≤ π ≤ 1.

4.3

Social Security

Computation of benefits Simulations show that the mean of the best 35 years of
L2 is on average 14% higher than the mean L2 over the whole career. Thus, I set
a = 1.14 such that I do not penalize retirees by computing their AIYE using their
entire career instead of their best 35 years of earnings.
Payroll taxes In order to value Social Security, I also build a benchmark scenario
where benefits do not exist and wages are higher. I note τ the percentage difference
in wages between the two scenarios. The value τ depends on the expected payroll
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tax rate. In 2013, the SSA estimated that the present value of future deficits of the
OASI program over the next 75 years represents 2.40 % of taxable payroll.7 On
the other hand, 17.3 % of the 2013 OAS benefits (or 2.3 payroll tax percentage
points) were allocated to survivors’ benefits that are not explicitly modeled in this
paper. Overall, assuming that those two corrections cancel out, the current tax
rate of 10.6 %8 of the OAS program may represent the cost of old-age benefits for
current workers.

4.4

Model validation

The key ingredients of the model generate predictions regarding the life-cycle pattern of the share of financial wealth that would optimally be invested in the stock
market portfolio. In this section, I check that these predictions are consistent with
data from the Survey of Consumer Finances.
Figure 1 plots the average equity share simulated in the baseline scenario and
empirical life-cycle profiles estimated using the SCF. Overall, the simulated equity
share is very low among young households, and then slowly increasing until age
55. A strong rise of the equity share is predicted when the agent is a few years away
from retirement because shocks on the stock markets become less likely to affect
the wage-index before he retires. Consequently, Social Security wealth rapidly
becomes a bond-like asset after 60 years old, inducing a greater willingness to invest
financial wealth in stocks.

7

Source: The 2013 Annual Report of the Board of Trustees of the Federal Old-Age and Survivors
Insurance and Federal Disability Insurance Trust Funds (p.66)
8
Although the Social Security tax rate is 12.4%, 1.8% are dedicated to the disability program.
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Figure 1: Equity share by age group (SCF data)
Note: This graph represents predicted equity shares by age groups for two OLS models. I use
triennial data from the SCF between 1989 and 2013. Individuals that do not participate to the labor
force or have non-positive financial wealth are excluded. For the first model, I run an OLS regression
with age group and year dummies and plot predicted equity share by age for the year 2013. For the
second model, I use cohort dummies and plot the predicted equity share for the cohort born between
1949 and 1951.
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Age group

Data with year dummies

Data with cohort dummies

Simulation

Overall, the model’s prediction contrasts with many life-cycle models which,
starting with Merton (1971), predict that the equity share should be very high among
young households and then fall with age (Viceira (2001), Campbell et al. (2001),
Cocco et al. (2005), Chai et al. (2011)). Finance professionals also advice a decreasing equity share. For example, Vanguard Target Retirement Funds have an
equity share close to 90% for households under 40 years of age, and the share then
drops to reach 50% at age 65.
In contrast, data from the SCF show a very low equity share among young
households. As explained by Ameriks and Zeldes (2004), the exact shape of the
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life-cycle pattern is unclear. Indeed, empirical studies on the life-cycle profile of
portfolio choices cannot include cohort and year dummies simultaneously because
of perfect multicollinearity (age = year - cohort). As a consequence, the empirical
conclusions may depend on the econometrician’s choices. In Figure 1, I replicate
Ameriks and Zeldes (2004)’s analysis using SCF surveys from 1989 to 2013.9 I
find the equity share to be increasing with age whether I include cohort or year
dummies, though the life-cycle profile is flatter.
Overall, the model matches the life-cycle profile of the equity share pretty well
for γ = 5. As illustrated in Appendix Figure A.1, a relative risk aversion of γ = 5
matches the data better than 4 or 6. However, the data do not support the predicted
rise of the equity share in the few years preceding retirement. Portfolio choices
after retirement are outside the scope of this paper but possible explanations for the
lack of a rise in equity holdings include new sources background risk such as health
expenditures (e.g. Rosen and Wu (2004), Goldman and Maestas (2013)), a bequest
motive, a decline in cognitive abilities Christelis et al. (2010), or the lost ability to
increase labor supply in response to financial losses (Bodie et al. (1992)). In the
model, the rise of the average equity share is driven by households with high Social
Security-to-financial wealth ratios. In the data, these households have low financial
wealth and tend not to participate in the stock market which could be explained by
fixed participation costs.

9

Their own paper uses surveys from 1989 to 1998
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5

Results

5.1

Valuation at the household level

Figure 2 plots the average Social Security certainty equivalent by age obtained from
50,000 simulations of the baseline model as well as the NPV of Social Security
wealth computed by discounting expected cash flows (including taxes) at the riskfree rate. The latter is estimated for each individual at each point in time by simulating 1,000 paths.

Figure 2: Average Certainty Equivalent of Social Security
Note: This graph plots the average simulated certainty equivalent of Social Security in the baseline
scenario as well as the expected value of future benefits net contributions discounted at a risk-free
rate of 2%. Labor earnings at 20 are calibrated based on the cohort entering the labor market in 1970
and retiring in 2015.
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In the baseline scenario, Social Security has a negative certainty equivalent for
workers below age 37 and the certainty equivalent is generally below the net present
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value of future Social Security cash flows (benefits minus contributions) when discounted at the risk free rate. At the time the certainty equivalent reaches zero, the
unadjusted present value is already worth nearly 2.5 average earnings.

5.2

Risk-adjusted discount rates

One can also use the certainty equivalent to infer the discount rate that households
should use to value Social Security. This can be done by solving for the discount
rate for which the net present value equals the certainty equivalent. I conduct this
exercise for each simulated worker at each point in time and report the average implied discount rate by age in Figure 3.

Figure 3: Discount rate implied by the certainty equivalent
Note: This graph plots the discount rate for which the present value of expected future benefits net
of contributions is equal to the certainty equivalent of Social Security.
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For new labor force entrants, the implied discount rate is about 3%. As detailed
in the next section, Social Security does not expose new entrants to any aggregate
risk and provides them with insurance against idiosyncratic income shocks. But
workers still discount it at a high rate because they know that Social Security will
force them to contribute to a system with unattractive returns in the future. At
retirement age, and political risk aside, the implied discount rate converges with
the risk-free rate because Social Security entitlements are safe at this point. The
implied discount rate peaks in the middle of the life-cycle. At this point, workers
have already accrued a sizable quantity of benefits which are exposed to aggregate
risk through wage indexation. This risk is no longer offset by future contributions
for two reasons. First, the amount of contributions still to be paid is smaller. Second,
the average maturity of these contributions is lower, which means that they are less
exposed to long-run macroeconomic risk.

5.3

Risk profile of Social Security

I now turn my attention to how Social Security value reacts to stock market returns
and idiosyncratic shocks. To do so, I run the following regression at each point in
time:
dSS it − τ Lit dt
dSt
dL2,t
= βs,t ×
+ βl2,t ×
+ ut + it
St
L2,t
W it

(30)

where the left-hand side is the change in the certainty equivalent, net of contribution
payments τ Ldt, relative to the agent’s total wealth W . The left-hand side can be
interpreted as the unexpected change in Social Security value relative to the agent’s
expected lifetime consumption. On the right-hand side,

dSt
St

and

dL2,t
L2,t

are stock

market returns and the growth of the idiosyncratic component of the agent’s wage.
Figure 4 reports the evolution of βs and βl2 over the life-cycle.
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The negative value of βl2 shows that Social Security provides insurance against
idiosyncratic income risk over the entire life-cycle, but much less at the end. Assuming no financial wealth and in the absence of Social Security, a 1% drop in L2
at the beginning of life-cycle would translate into a 1% drop in expected lifetime
consumption. In the presence of Social Security, that drop would be only 0.93%.
The negative value of βs before 30 years old shows that Social Security also
provides some insurance against aggregate shocks early on. For new entrants, a
shock to L1 reduces future contributions and future benefits by the same percentage. However, as illustrated by Figure 2, for young workers, future contributions
have higher present value than future benefits. As a consequence, improvements in
macroeconomic conditions make Social Security look worse.
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Figure 4: Exposure to aggregate and idiosyncratic risks
Note: This graph plots the regression coefficients of equation (30) estimated in simulated data. βs
represents the effect of stock returns on unexpected changes in the certainty equivalent of Social
Security, relative to the agent’s total endowment and lifetime expected consumption. Hence, at 55,
a +1% shock to stock prices translates, through Social Security, into a +.15% increase in expected
lifetime consumption . βl2 represents the same thing for idiosyncratic labor income shocks.
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The exposure of the agent to aggregate risk through Social Security peaks in
his 50’s. At that point, the value of future benefits largely exceeds that of future
contributions. Yet workers are still far enough from retirement to be exposed to
wage indexation. As they get closer to retirement, wage indexation becomes less of
a concern and the market beta of Social Security converges to zero.

5.4

Valuation at the national level

In this section, I estimate the magnitude of risk adjustment at a national scale. I
proceed in three steps. First, I use simulated data to compute the average certainty
equivalent-to-earnings ratio and the average risk-free valuation-to-earnings ratio at
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each age. This gives me valuation multiples over the life-cycle that I report in Panel
A of Figure 5. In a second step, I compute the total labor earnings received in
2013 by each cohort born between 1949 and 1992 using the American Community
Survey (ACS). I report the result in Panel B of Figure 5. Finally, I obtain aggregate
Social Security values by age by multiplying the results of step 1 and 2. Panel C
reports the aggregate adjusted and unadjusted valuations by age age.
Figure 5: Nationwide valuation of Social Security for current workers
Note: This figure illustrates the nationwide valuation of Social Security. Panel A reports the average
certainty equivalent-to-earnings ratio and the average risk-free valuation-to-earnings ratio in simulated data. Panel B reports total labor earnings by age in the 2013 ACS. Panel C reports total Social
Security valuations by age, defined as the product of Panel A and B.
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Because the model does not take into account survivors’ benefits, I reintroduce
their value on a pro rata basis, assuming that they represent 17.3% of the total
present value. For retirees, I value entitlements as an ordinary immediate annuity
ending at 85 years old and discounted at the risk-free rate. The coupon received by
each cohort is the sum of Social Security benefits reported in the ACS.
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Summing over all cohorts gives a valuation of closed-group obligations (i.e.
restricted to cohorts that have already participated to the labor force). Nationwide
valuations are reported in Table 3. In the baseline model, the unadjusted present
value of Social Security entitlements was $31.00 tr in 2013. This result cannot be
compared to the SSA valuation of closed-group obligations since the SSA assumes
a higher risk-free rate. When using the same rate (2.9%), I find a value of $22.29 tr,
closer to the SSA estimate of $23.7 tr for 2013.
The baseline adjusted present value is $19.6 tr, implying a risk adjustment of
36.8%. For current workers, the unadjusted value of entitlements is $24.8 tr, but
the adjusted one was $13.4 tr. Hence, labor income risk reduces the value of Social
Security by 46

6

Sensitivity analysis

In this section, I test different calibrations of the model and report the sensitivity of
my results. Table 3 summarizes the analysis and presents all nationwide valuations
discussed in this section.
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Table 3: Nationwide adjusted and unadjusted values of Social Security ($tr)
Note: This table reports the sum of Social Security valuations on the national scale. Unadjusted
values refers to the sum of future benefits net of future contributions discounted at the risk-free
rate. Adjusted values refers to certainty equivalents. As detailled in Section 5.4, nationwide values
are estimated by first computing multiples of labor earnings at each age in simulated data and then
applying these multiples to the sum of labor earnings of each cohort in the 2013 ACS. For retirees,
the value of Social Security is computed assuming that benefits reported in the ACS are safe and
received until age 85.
Workers

Workers and retirees

Retirees

Unadj.

Adjusted

Diff.

Unadj.

Adjusted

Diff.

6.20

24.80

13.40

-46.0%

31.00

19.60

-36.8%

µ−r =0

6.20

24.80

20.41

-21.7%

31.00

26.61

-14.2%

µ − r = .03

6.20

24.80

17.61

-29.0%

31.00

23.81

-23.2%

r = .010

6.66

37.41

18.48

-50.6%

44.01

25.14

-43.0%

r = .029

5.82

16.47

9.85

-40.2%

22.29

15.68

-29.7%

κ = .12

6.20

24.80

14.00

-43.5%

31.00

20.20

-34.8%

κ = .18

6.20

24.80

12.82

-48.3%

31.00

19.02

-38.6%

Baseline

Equity premium

Risk-free rate

Cointegration

Relative risk aversion
γ=3

6.20

24.80

11.70

-52.8%

31.00

17.90

-42.2%

γ=4

6.20

24.80

12.66

-48.9%

31.00

18.86

-39.2%

γ=6

6.20

24.80

13.44

-45.8%

31.00

19.64

-36.6%

Growth rate of wages
gD = .006

6.20

21.40

11.61

-45.8%

27.60

17.81

-35.5%

gD = .017

6.20

28.16

14.64

-48.0%

34.36

20.84

-39.4%
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6.1

Equity premium

How much of the risk adjustment comes from the equity premium? I answer this
question by recomputing the certainty equivalent for different levels of expected
stock returns µ. As reported in Figure 6, the certainty equivalent gets closer to the
risk-free valuation when the equity premium gets closer to zero. For µ = r, workers
can insure a large fraction of their long-run human capital and social security risk
for free. Consequently, as reported in Table 3, the risk adjustment drops from 46.0% to -20.41%. This drop shows that the equity premium explains most of the
risk adjustment.
Figure 6: Social Security value for different levels of the equity premium
Note: The graph reports the average certainty equivalent of Social Security for different levels of equity premium as well as the mean net present value of future benefits net of contributions discounted
at the risk-free rate. In all specifications, the risk-free rate is set to r = .02.
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However, even when µ = r, households keep discounting Social Security at a
higher rate than the risk-free rate. There are at least two explanations First, their
33

ability to use the equity market as a free insurance is limited by their inability to
short-sell stocks. Second, cointegration does not create a perfect hedge against
aggregate labor market risk. Therefore, households cannot fully insure and should
apply a risk-premium to any asset whose returns are correlated with those of the
main component of their portfolio: human capital.

6.2

Predictability in returns

One shortcoming of the model is that stock market volatility comes entirely from
the dividends process. Moreover, because of cointegration, the variances of dividend and aggregate earnings are similar in the long run. Consequently, if stock market volatility is partially explained by time-varying discount rates, then the model
would not only overestimate the long run volatility of aggregate dividends but also
that of aggregate labor earnings.
In principle, this shortcoming should not matter for two reasons. First, because of cointegration, whatever causes variations in the stochastic discount factor
is likely to affect the present value of future labor earnings and dividends in a similar fashion. This means that the baseline model should correctly reflect the covariance of stock market and Social Security returns. Second, if stock market volatility
is partially explained by time-varying discount rates, then changes in stock prices
should partially mean-revert. Hence, the baseline model would overestimate both
the long run risk of Social Security and that of investing in stocks. However, a
lower long run macroeconomic risk does not imply a higher Social Security certainty equivalent. Because the equity premium remains the same, the long run
Sharpe ratio of the stock market portfolio is higher, which means that the cost of
hedging against a given quantity of long run macroeconomic risk is higher. Because these two effects offset each other, the certainty equivalent of Social Security
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should not change much in the presence of time-varying discount rates.
To confirm this intuition, I introduce an alternative modeling choice in which
the volatility in stock returns comes from shocks to dividends and but also to the discount factor. The latter tends to mean-revert which causes predictability in returns.
Specifically, the stock market gain process introduced in equation (7) becomes:
dS
= (µ + φy(t)) dt + σdz3
S

(31)

where φ represents the predictability in returns based on the past performance of the
stock market index relative to the wage index. The dynamic of y remains described
by equation (8) and σ now represents the standard deviation of innovations to the
stock market gain process. On the other hand, the dynamics of the wage index
becomes:
DL1
L1

=



−(κ − φ)y(t) + gD −

σ2
2

+

v12
2

+

(σ−v3 )2
2



dt

(32)

+v1 dz1 (t) + (σ − v3 ) dz3 (t)
Benzoni et al. (2007) estimate empirical versions of equation (31) using US
data and find φ to be between 0.06 and 0.075. For my robustness check, I assume
φ = 0.06 and a risk aversion of γ = 6,10 and solve the model again. I also adjust gD
such that E[L(T )] is the same as in the baseline calibration. Certainty equivalents
are computed as in Section 3.3.2, except that equation (26) does not hold anymore,
so J ss (W , 0, L2 , y, 0, t) is computed numerically.
As reported in Figure 7, the evolution of the certainty equivalent of Social Security over the life-cycle is quantitatively close to the baseline model. The new model

10

Stocks are more attractive when returns are predictable because stock market losses partially
mean-revert and generate investment opportunities. As a results, many households hit the π ≤ 1
constraint when γ = 5. I set γ = 6 to avoid that issue. Section 6.3 shows that, if anything, this
change in risk aversion should increase the certainty equivalent of Social Security.
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has much less aggregate risk. From the point of view of a new entrant, the standard
deviation of log aggregate earnings l1 (T ) at his retirement date T falls from .98 to
0.59. For φ = 0.06, a one standard deviation increase in l1 (T ) corresponds to a 1.3
percentage point increase in the annual growth rate of aggregate earnings over the
45 years of his career. This number seems reasonable: Saez and Zucman (2014)
reports that for the bottom 90%, the real annual growth rate of income was 0% between 1917 and 1929, 2.3% between 1929 and 1986, and 0.7% between 1986 and
2012.
Figure 7: Value of Social Security in the presence of time-varying discount rates
Note: This graph reports the average certainty equivalent of Social Security when stock market
volatility is partially cause by time variations in the discount factor.
450
400
350
300
250
200
150
100
50
0
-50
-100
20

6.3

25

30

35

40

45

50

55

60

65

Risk aversion

Somewhat surprisingly, tests of different coefficients of relative risk aversion ranging from 3 to 6 suggest that smaller coefficients imply greater risk adjustments. For
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current workers, A coefficient of γ = 3 implies a risk adjustment of 52.8%, which
is reduced to 45.8% when γ = 6. A natural explanation for this result is that Social
Security forces the agent to invest some of his savings at a low rate of return when
he would rather invest all of his wealth in stocks. Appendix Figure A.1 shows that
for γ = 3, the vast majority of households want to invest all their wealth in the
stock market.
Technically, this is not a risk adjustment, as even the expected utility of a riskneutral agent would be reduced when forced to invest in an asset with lower expected returns than the stock market. However, this effect is unlikely to be an
important driver of my baseline results. Indeed, in the baseline calibration, fewer
than one worker out of six ever hits the upper constraint on the equity share (π ≤ 1)
during his lifetime. Moreover, relaxing the financial constraint and allowing some
leverage (π ≤ 1.25) does not change the size of the risk adjustment for γ = 5.
A different explanation of my results is that higher risk aversion increases the
value of the insurance provided by Social Security against idiosyncratic income
risk. While aggregate risk is priced primarily by the equity premium parameter, risk
aversion should be the main determinant of the cost of idiosyncratic risk. Therefore, when risk aversion increases, the certainty equivalent of Social Security can
increase because its insurance component is more valuable while the price of hedging aggregate risk remains the same.
Figure A.1 presents the life-cycle pattern of the equity share for different levels
of risk aversion and suggests that a γ of 5 or 6 is the calibration that fits best the
SCF data.
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6.4

Cointegration

As expected, the risk adjustment of Social Security is a decreasing function of the
speed of mean-reversion of the wage-to-dividends ratio. A conservative assumption
such as κ = 0.12 has only a 2 percentage points effect on the result. From the point
of view of a young worker facing a 45 years long career, whether stock market
shocks are fully transmitted to the market in 5 or 8 years is not that important. In
fact, the model shows no difference in the certainty equivalent of Social Security at
age 20 when κ is reduced from 0.18 to 0.12.
When κ is set at 0.18, the nationwide risk adjustment for current workers equals
-48.3%. This compares to an adjustment of -43.5% and -46.0% when κ equals
respectively 0.15 and 0.12. Overall, the risk adjustment appears to increase by 0.8
percentage point when κ increases by 0.01. Table 1 reports a standard error of 0.55
for κ, which would translate into a standard error of 4.4 percentage points for the
magnitude of the risk adjustment.

6.5

Risk-free rate

Figure 8 reports adjusted and unadjusted Social Security values for different levels of the risk-free rate, assuming the same equity premium. Certainty equivalent
valuations at the beginning of the life-cycle are barely affected by the level of the
risk-free rate. As a result, the size of the risk adjustment is greater when interest
rates are low.
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Figure 8: Value of Social Security for different risk-free rates
Note: This graph reports, for different levels of the risk-free rate, the average certainty equivalent
(CE) of Social Security as well as the value of future benefits net of future contributions discounted
at the risk-free rate (DCF). The equity premium is held constant accross specifications.
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In its 2013 Annual Report, the SSA assumes a long-term real interest rate of
2.9%, far above current levels. For r = 0.029, the certainty equivalent is only
40.2% below the risk-free valuation. However, if we assume that real interest rates
will remain low, the required risk adjustment is significantly larger. For r = 0.01,
the risk-free valuation jumps to $37.41 tr, whereas the sum of private values only
reaches $18.48 tr, which implies a risk adjustment of -50.6%.
One surprising result is that the certainty equivalent of Social Security for new
entrants does not vary much with the risk-free rate. Increasing the risk-free rate
reduces the present value of benefits proportionally more than that of contributions.
So, if benefits are more valuable than contributions, then the net present value of
Social Security is clearly a decreasing function of the risk-free rate. This is what we
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observe for unadjusted valuations in Figure 8. If contributions are more valuable
than benefits, then the relationship between the net present value and the risk-free
rate can be reversed. The situation of new entrants seems to be between these two
cases.
Interest rates are currently historically low which makes Social Security look extremely attractive to new workers when its cash flows are discounted at the risk-free
rate. However, Figure 8 shows that low interest rates do not make Social Security
more attractive to new workers when we compute the certainty equivalent.

6.6

Growth rate of wages

Intuitively, the value of Social Security entitlements should be an increasing function of the growth rate of the wage index, which determines the rate of returns on
contributions. As a consequence, the unadjusted value is $6.76 tr smaller when
wages are expected to grow at gD = 0.006 than when a higher trend of gD = 0.017
is assumed. The percentage risk adjustment also increases with gD . When the
pension system offers better yearly returns, a larger share of total Social Security
wealth goes to young households for which the risk adjustment is more important.
Overall, the low and high growth scenarios imply risk adjustments of respectively
-35.5% and -39.4%.

7

Conclusion

The valuation of Social Security entitlements is of prime importance in at least two
ongoing debates that rank high on the policy agenda: the sustainability of public
debts, and likely reforms in old age public benefit systems. The life-cycle model
presented in this paper suggests that, from the point of view of households, these
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entitlements may be greatly overvalued when discounted at the risk-free rate. This
means that the cost of transition to a funded system with the consent of current
participants may be substantially lower than previously estimated.
A key take-away of this paper is that adjusting for risk is important to determine
whether households benefit from Social Security. When discounted at the risk-free
rate, future cash flows suggests that Social Security has value for new entrants, in
particular in the current context of low interest rates. However, this conclusion is
reversed when cash flows are valued using a certainty equivalent approach that takes
into account labor income risk.
Because Social Security entitlements are one of households’ most important
assets, correctly computing its present value and understanding its risk-profile can
also be important to understand portfolio choices. Indeed, though I conclude that
entitlements are probably worth less than previously thought, I also find that they
generate a large exposure to systematic risk, in particular in the second half of a
worker’s career.
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Online Appendix
A

HJB equation and first-order conditions

The financial wealth of the agent has the following dynamics.
dW (t) = [(r + π(t)(µ − r)) W (t) + L(t) − C(t)] dt + π(t)W (t)σdz3 (t)

(33)

Given the objective function :
Z

T

J(W (t), L1 (t), L2 (t), y(t), H(t), t) ≡ max Et
[C,π]

1−γ
−ψu (C(u))

e
t

1−γ


du + J(T )
(18)

the Hamilton-Jacobi-Bellman equation is
− Jt = max θ(C, π)
[C,π]

(34)

where


C 1−γ
L1 L2 − C
θ(C, π) =e
+ JW W r + π(µ − r) +
1−γ
W


2
2
v1 (σ − v3 )2
σ
+
+
+ JL1 L1 −κy + gD −
2
2
2
aL2
1
+ JL2 L2 α(t) + JH
− Jy κy + JW W W 2 π 2 σ 2
45
2

1
2
2
2
+ JL1 L1 L1 v1 + (σ − v3 )
2
 1
1
+ Jyy v12 + v32 + JL2 L2 L22 v22 + JW L1 W L1 πσ(σ − v3 )
2
2

− JW y W πσv3 + JL1 y L1 v12 − v3 (σ − v3 )
−ψt

First-order conditions for the controls are
0 = e−ψt C −γ − JW
45

(35)

0 = JW W (µ − r) + JW W W 2 σ 2 π + JW L1 W L1 (σ − v3 )σ − JW y W σv3

(36)

The resolution of the problem can be simplified by eliminating one state variable. Indeed, since the agent has a CCRA utility function, dividing his labor income,
his financial wealth and his pension benefits by a real number z, would also divide
his optimal consumption by z and his equity share would remain unchanged. By
choosing z = W , we can define c as the consumption to financial wealth ratio


1
L1
C(W, L1 , L2 , y, H, t) =C 1, , L2 , y, H, t
W
W


L1
, L2 , y, H, t
≡c X =
W

(37)

Then, we can use the first-order condition for consumption to rewrite the HJB
equation in terms of c. To do so, I first differentiate the equation with respect to W
using the Envelope Theorem, and then make the appropriate changes of variables.


c
[ψ − r − π(µ − r)] − r + π(µ − r) + σ 2 π 2 + XL2 − c (c − XcX )
γ


σ 2 v12 (σ − v3 )2
− cX X −κy + gD −
+
+
+ πσ(σ − v3 ) − cL2 L2 α(t)
2
2
2
aL2
− cH
+ cy [κy + πσv3 ]
45

1
+ (γ + 1)c−1 (c − XcX )2 − X 2 cXX σ 2 π 2
2


1
+ (γ + 1)c−1 c2X − cXX X 2 v12 + (σ − v3 )2
2

1
+ (γ + 1)c−1 c2y − cyy (v12 + v32 )
2

1
+ (γ + 1)c−1 c2L2 − cL2 L2 L22 v22
2

+ (γ + 1)c−1 (c − XcX )cX + cXX X Xπσ(σ − v3 )


− (γ + 1)c−1 (c − XcX )cy − (cy − cXy X) πσv3



+ (γ + 1)c−1 cX cy − cXy X v12 − v3 (σ − v3 )
(38)

0 = − ct −

A numerical advantage of this method is that the first-order condition for the
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equity share is no longer a function of second and mixed derivatives.


µ−r
XcX
v3
cy
µ − r v3
π=
−1
+
+
+
2
2
γσ
γσ
σ
c − XcX
σ (c − XcX )

(39)

Finally, the value of J can be derived from c. Let’s denote V (X, L2 , y, H, t) =
J(1, X = LW1 , L2 , y, H, t) , then replace C and J in equation (35) yields the following differential equation
e−ϕt c−γ = (1 − γ)V − VX X

(40)

which can be solved numerically as a system of linear of linear equations. J can
then be inferred from V using the properties of the CRRA utility function, that is:
J(W, L1 , L2 , y, H, t) = W (t)1−γ V (X, L2 , y, H, t)

(41)

.

B

Numerical methodology

For the numerical resolution, I use the logs of X and L2 as state-variables. This is
achieved through a change of variables in the HJB equation and enables to build a
grid with high resolution for low levels of X and L2 while allowing large values.
Lower resolution for high values of X also solves important numerical stability
issues.
While large values may be reached given the volatility of the different processes,
the ratio of wage to financial wealth (X) rapidly converges to small values, while
the average L2 over the life-cycle is 1 by construction.
The equation is solved backward using the alternating direction implicit method
for the linear parts of the equation, and explicit finite differences for its nonlinear
terms. Since explicit finite differences cause stability issues, an upwind scheme is
implemented. I use a time-step of ∆t = 0.001.
The grid is initialized with the parameters presented in Table A.1. I use the fact
that large values of L2 and H cannot be reached at young ages to reduce the size of
the grid which improves stability.
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Table A.1: Grid parameters at T = 45

Variable
x
y

max
ln(0.025)
−1

min
ln(4)
1

∆
0.112
0.05

l2

ln(0.1)

ln(6)

0.075

H

0

2.65

0.075

Two optimal control problems are solved: one with Social Security, the other
without. The choice of ∆x = 0.112 matches the 10.6 % payroll tax rate and thus enables a convenient computation of the Social Security certainty equivalent. Indeed,
as described in Section 3.3.2, this computation requires to compare the value functions of the two problems but assuming a difference in labor income corresponding
to payroll taxation.

Additional figures
Figure A.1: Equity share by age for different relative risk aversions
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